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I INTRODUCTION

In an earlier report, Ref. 111, the present authors considered the

possibility of improving the tensile modeling of geological materials

by adopting the SRI rate-dependent brittle fracture model BFRACT. It

was concluded that the model was too costly for the large-scale ground

shock problems of interest, due to the large number of memory parameters

required.

It was recommended then that versions of the insta.ntaneous tensile

fracture model commonly in use be re-evaluated. These versions are

mathematically discontinuous (since some stress quantity is instantaneously

reset to zero when the tensile strength of the material is exceeded) and

hence are prone to stability-uniqueness pioblems. Such procedures have

been employed for many years, presumably without any numerical instabilities

being traced to their use. However, it has been noted that arbitrarily

small differences in input data do lead, on occasion, to significantly

altered wave forms. It was further recommended that a plasticity model

be tested to see if it is an adequate alternative representation for

tensile failure in ground shock calculations.

To study these recommendations some simple one-dimensional wave pro-

pagation calculations were made. The anticipated shortcomings, for both

[nstantaneous fracture and plasticity models, are documented. No method

has evolved for amending the rate-independent models to overcome these

shortcomings.
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Instead, for both physical and theoretical reasons, a rate-dependent

model for brittle tensile fracture in ground shock calculations is proposed.

The model adds only one additional state variable, the relative void

volume or damage, to a viscoplastic-like description of material in tension.

It is based on the ductile damage accumulation equations advanced at SRI

and Sandia, but in simplified and fully incremental form.

Preliminary uniaxial strain calculations show the model to give physically

reasonable results and, in fact, to predict stress-strain paths quite close to

those of the more complicated and detailed model BFRACT. Further

testing of the model, for more realistic two-dimensional problems, and a

study of cost versus benefit in ground shock calculations is in progress.
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II RATE-INDEPENDENT MODELS

A. Exact Solutions

A compressive step pulse of width Z and amplitude s (negative in

compression) is assumed to propagate toward the free surface of a semi-infinite

bar of linear elastic material (see Fig. 1). The particle velocity v is then

(s/pc) toward the left with p the undisturbed density and c the wave speed.

The exact solution of the problem, for times greater than the time of wave

reflection, is critically dependent upon the strength of the pulse relative

to the tensile strength of the material a
0

For an incoming pulse such that -s < G a tensile wave of amplitude -s0

reflects back down the bar.

For -s > a the ideal solution is a function of the tensile failure
0

option. Assuming instantaneous fracture with all stress quantities reset

to zero, a piece of length Z/2 spalls off with uniform velocity equal to

twice the incoming particle velocity; the remainder of the bar is at rest.

Assuming plastic tensile failure (as implemented in the cap model routine, Ref. [2]),

the exact solution is a broadened, reduced tensile pulse, of the form indicated in

Fig. 1, returned by the free end of the bar. It is clear that the plastic solution

is not a physically realistic model for tensile fracture. (The exact solutions for

all cases under consideration are illustrated in Fig. 1.)

B. Numerical Tests

Using the finite difference wave propagation code WONDY, Ref. (31, the

numerical solutions obtained for the step pulse problem differ from the exact

solutions discussed above in ways generally characteristic of numerical

solutions. The initial square wave becomes rounded. Small amplitude numerical

oscillations appear, causing local "overshoots" and "undershoots". Where a

*) Private communication, I.S. Sandier, Weidlinger Associates.
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Fig. 1 Step Pulse Propatating Along a Semi-Infinite Bar of Linear Elastic Material .
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spall segment forms, its velocity profile is not ideally flat-topped.

For mode Is with stabi I itv-uniqueness problems, these numerical deviations

can have significant consequences.

Instantaneous fracture can be implemented in pure continuum fashion

or by introducing an additional node and permitting separation as is done in WONDY,

when the tensile strength of a material is exceeded, for example. Similar

problems arise in either case. The former option has been selected for the

present numerical test along with the following non-dimensionalized sample

data: p = 1, c = 1, o = 0.0296, Z = 0.4. In non-dimensionalized units then,0

the initial particle velocity is equal to the incoming stress pulse, v = s.
0

(Additional details of the code implementation are given in Appendix A.)

In Fig. 2 an initial square pulse, with v = 0.90 a , is shown.
* )

0 0

At a later time, t = 0.85, the particle velocity is seen to have approximately

doubled at the free end of the bar. At twice the previous time, t = 1.7, the

wave has reflected back in tension. Ignoring the numerical inaccuracies

discussed previously, the ideal solution for a pulse of amplitude less than

the tensile strength of the material has been obtained.

Increasing the initial pulse velocity (synonomous with increasing the

stress) a small amount to 0.92 a causes the ideal solution to be lost. For
0

such initial data the third time frame (t = 1.7) in Fig. 3 shows the physically

unrealistic formation of a spall segment. Instantaneous tensile fracture

has been triggered as the numerical overshoots, expected to develop in the

finite difference solution, produce a local stress level in excess of a
0

The minus sign to indicate travel toward the left is henceforth
suppressed.
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A small change in input data is seen to produce a large, non-physical,

change in the results.

Purely computational parameters, unrelated to the input data of the

physical problem, can be shown to unduly influence results as well. These

computational parameters arise in the consideration of artificial viscosity

and time step selection.

Two types of artificial viscosity are added in WONDY under locally

compressive situations, P > 0. The quadratic form of artificial viscosity

22

ql = B() PAx
2

is most effective in controlling gradients at shocks while introducing

mimimal disturbances elsewhere. The linear form,

q2 = B2 cp Ax

is used to control the high frequency oscillations, though with great care

as this form is prone to distort a general solution away from shock areas

as well as close in. B and B2 are the quadratic and linear artificial vis-

cosity coefficients and Ax is a cell width. To insure general numerical

stability the time step used to advance the computation is controlled by

a Courant-Friedrichs-Lewy type of condition, Ref. [3).

BAx , for < 0c P -
t = k __( 2_____ for > 0

t 2c + B Ax + V(B 2c + B A) 2 +C 2  p
2x 1 P 2

The numerical parameter k is the Courant number, lying between 0 and i.

In general k is taken close to 1 to maximize the possible time step, while

k equal to I, marginal stability, is avoided. Default values in WONDY for

9



BI, B2 and k are 2.0, 0.1 and 0.98, respectively. These values are assumed

unless otherwise stated.

In Fig. 4 the incoming pulse velocity is again v = 0.90 0 , but k0 0

has been reduced to 0.49 and spall once more appears. Smaller time steps

have anomalously produced a less physically accurate result, one which appears,

for this particular configuration, analogous to running with a reduced

amount of artificial viscosity. (This is not a general result, but another

manifestation of the instantaneous fracture model's theoretical deficiency.)

Spall can be suppressed (local overshoots reduced), by increasing the

strength of the artificial viscosity while all other quantities are held

constant. In Fig. 5, B 2 has been increased from 0.1 to 1.0, v0 being

0.90 0 and k being 0.49. With this set of parameters a tensile wave is0

once again observed to propagate back from the free end of the bar as required

physically, though in this case it is observably damped.

Table 1 summarizes the results obtained for the step pulse problem

run with instantaneous tensile fracture for the four sets of

parameters discussed above.

Table 1. Step Pulse Problem with Instantaneous Tensile Fracture.

Incoming Courant Artificial Viscosity Spall Fragment
Stress Level Number Coefficient Formation

Quadratic Linear

s/k BI  B2
0 1

0.90 0.98 2.0 0.1 No

0.92 0.98 2.0 0.1 Yes

0.90 0.49 2.0 0.1 Yes

0.90 0.49 2.0 1.0 No

10
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When the square wave problem is solved exactly with a plasticity model

of tensile failure no spall fragment forms, whatever the initial

stress level. Since the set of constitutive equations is well-

behaved, it can be anticipated that the numerical results will closely match

the theoretical. At an incident stress level 50% above a a primary tensile0

wave of width 2 and amplitude a , followed by a secondary wave of width 2 and
0

amplitude a /2, is the predicted solution This wave form, as shown in
0

Fig. 6, is approximately obtained numerically. In contrast, the required

physical solution, spall, is seen in Fig. 7 where instantaneous tensile fracture

has been assumed and -s is again 50% above a
0

As expected, for this highly idealized problem (and for any ground

shock calculation where spall is expected to be important),neither rate-

independent model of tensile failure satisfies both the requirements of

stability-uniqueness and of physical realism. Rather than attempt to

amend the rate-independent models, the choice has been made to develop a

highly simplified rate-dependent model as a way of overcoming the discussed

shortcomings.

Refer back to Fig. 1 for the general form of the plastic failure

solution for -s > a
0

12
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IlI RATE-DEPENDENT MODELS

A. Widlir,er Visco-Damage Model

An alternative to the rate-independent or multi-parameter rate-

dependent models previously discussed is suggested. As compared to SRI-

BFRACT, Ref. [41, or to the brittle spallation theory of Davison and

Stevens, Ref. [5], the simplifying assumption is made that a single

volumetric state variable D, the tension-induced relative void volume

or damage, is sufficient to characterize tensile fracture. By not

recording the varying sizes and orientations of planar cracks (actually

found in bittle materials) it is felt that computational costs can be

sufficiently reduced to make a rate-dependent, and hence mathematically

stable, model practical for ground shock calculations.

It is proposed that the incremental elastic constitutive equation,

= , be modified to include the time-dependent growth of damage as

follows:

a + w(a,D,c;t)D = M(a,D,c;t)c, (1)

where a is the average stress and E the volumetric strain. The damage

growth rate D is taken as a function of the dependent variables and time,

but not of their rates

D = f(o,D,L;t)

To satisfy continuity it is required that M reduce to the undamaged

elastic modulus M and that the product wD go to zero for stresses less
0

tensile than some threshold value a and for damage equal to zero. The0

requirements that, in a uniaxial strain test for example, time to fracture

decrease and peak tensile strength increase with increasing straiin-rate

impose further constraints on the functional forms of o, D and M.

(Such rate dependences have been documented for rock in Ref. [61, for example.)

1
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Unlike the various nonlinear clastic-viscoplastic constitutive equations

examined, for example in Refts. [6, 7, 8], this form has been tailored to

model the (rapid) relaxation ol stress to zero characteristic of tensile

failure, providcd that o1D remains finite (and positive) as damage increases.

The theory of spall damage accumulation in ductile metals of Davison,

Stevens and Kipp, Ref. [9], of Sandia can be adapted to fit the above

formalism. The Sandia model in turn relies upon the SRI fracture models

discussed in Ref. [41, for spherical void size distributions and growth

laws and for laboratory data to set the material parameters.

The time rate of change of damage separates into two parts, one

dependent on void nucleation, the other on void growth

) = D~ + G f (2)
n G

From Ref. [91

Dn=cn,° xp[ n n] - I (l-D)2n +2n1

and (3)

3
DG = 2 c G[2a + I OY -C Y+GG] D(I-D)

where c is the initial time rate of change of void volume, V 0  the average
n

initial (spherical) void volume, an the nucleation threshold, a the

nucleation sensitivity, cG the growth coefficient and aG the growth threshold.

These material parameters can be related to the SRI material constants,

T to T , as indicated in Appendix B. (Stress and strain are assumed

positive in tension.)

An integrated form has been assumed in Ref. [9] for the average stress

in the small strain approximation,

a = KF (4)

with the volumetric strain . and the bulk modulus K both taken as damage-

dependent quantities. In particular, For the case of uniaxial strain and for

'R a reference densitv.

F(C), D) = [(2 + PR/0)(1-D) - 3]

15



has been obtained*
. The bulk modulus of a composite material at low damage

levels, Ref. [101, is assumed with V the Poisson ratio and K the undamaged0 0

modulus,
3(1-v

o 2(1-2 V )
o

For v equal to 1/3, the expression becomes

K = K (1 - 3D) (5)0

In this case, damage is constrained to be less than or equal to a third.

Differentiating Eq. (4) with respect to time and reverting to a damage-

independent concept of strain, one may write

(+ KF+ KF

or

a + 3K D = KJ , D < 1/3 (6)
0

The following identifications can then be made for the unknown functions

in Eq. (1)

(o,D,;t) = 3K C
0

M(o,D,.;t) = K

completing the specification of the proposed rate-dependent volumetric

stress-strain relation for material in tension,

Examining Eqs. (l)-(3), it is clear that damage initiation is controlled

by the nucleation threshold n for the usual case D(t=O) = 0. On the othern

hand, stress relaxation can continue, for increasing tensile strain and large

damage values (D- 1/3), until the lower of the two threshold stresses, a

of G is reached. Depending upon how stringently the requirements of relaxation

to zero stress for brittle fracture is to be met, cG may he taken anywhere from

an order of magnitude or two less than a to zero, to give the appropriate
n

*) Actually, the Sandia form is more complex. Thermal effects and plastic

flow have also been accounted for in the strain components. These are
being disregarded as not relevant to the present investigation.

16
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asymptotic stress behavior without affecting the onset of damage

accumulation.* )

B. SRI Ductile Fracture Model

While the routine BFRACT has been used to model tensile fracture in

a ground shock test calculation, Ref. [11], the closest to the proposed

rate-dependent model for such calculations may well be the simpler,

less time consuming routine DFRACT, Ref. [4], constructed for ductile

materials. This model requires the calculation of solid specific volume

and pressure in addition to gross specific volume and pressure. It

accounts for the progressive growth of damage, in the form of spherical

voids, and for the relaxation of stress under the influence of continuing

tensile strain. Details of the model are given in Appendix B.

The main advantage of the proposed Weidlinger visco-damage model is

that it is expressed in incremental form and, hence, mathematically

better understood. Also, it requires the storage of fewer memory parameters

per computational cell, corresponding to the introduction of one, rather

than two, additional state variables.

C. Numerical Tests

If a constant uniaxial strain-rate is assumed, c(t) = E , the seto

of Weidlinger visco-damage constitutive equations becomes

dD f

dTi = K [1- 3(D +
0 0

with the function f given by Eqs. (2) and (3) and D in the range 0 to 1/3.

The parameter cG may have to be adjusted as well to achieve full

relaxation within a reasonable time interval.

17



Adding damage accumulation concepts to a conventional description of

the deviator stresses limited by a Mises yield --ondition, as in Ref. [4],

gives

ds. = 21i(di - 1 i -r Jij 3 ij V
2' s,2 <2 y 2

2 22-
2J 2 = ij <- :

with

= W (I - 1.88D)
0

and

Y = Y (1 - 4D)0

Numerically integrating the resulting set of equations for a given

material yields a set of strain-rate dependent stress-strain curves.

The results of such numerical integration for the brittle metal

Armco iron, using SRI adapted data as listed in Appendix C, are shown in

Fig. 8. These axial stress-strain curves conform well to the requirements

set forth in Section A for brittle tensile fracture. Stress appears to
**

relax fully for large enough tensile strain With a failure strain Ef

inferred from Fig. 8 for each constant strain rate curve, time to fracture,

T= / , is shown in Table 2 to decrease with increasing strain-rate,
f 'f

while peak tensile stress 7a is seen to increase correspondingly.max

Using a fourth order Runge-KuLta scheme with the Gill modification,
for example.
In fact stress relaxes to GG, a low value of stress relative to axG' max"
Alternatively, to get true relaxation to zero, the parameter 0G can
be chosen to be zero.

18



Table 2. Uniaxial Extension Test, Armco Iron, Weidlinger Visco-Damage M')del.

Strain Rate 'lime to Fracture Maximum StressStrainf 

m a

(I /sec) ( o:sec) ( 0 0'yn/(m_=().1 Pa)

10 4 1.7

105 0.5 54

1O6 <0.2 71.

Though limited in this simple numerical test to uniaxial strain, the

results are encouraging.

The stress-strain curves produced by BFRACT driven at various

constant uniaxial strain-rates with Armco data are shown superimposed on the

visco-damage curves in Fig. 9. Corresponding data has been used for both

models except that a correction has been made to 1/o to compensate for the

chanpe from planar to spherical voids. (See Appendix B.) The earlier

curves, calculated with the visco-damage model, are in excellent agreement

with the BFRACT curves. This 's not unexpected since in a one-dimensional

strain test the added complexity of crack directionality goes largely unused.

As a second trial the Weidlinger visco-damage model and BFRACT have

been driven at various strain-rates to simulate the uniaxial extension test

with data representing the ductile metal aluminum. Material damage

parameters have been obtained from Ref. [41 and are listed in Appendix B.

The two sets of curves, shown superimposed in Fig. 10, are in qualitative

agreement. This is despite the fact that the SRI routine DFRACT would

19



C'4

- 200SEC

Cr1 /EZ. -104

0.0 5.0 10.0 15.0 20.0
TENS STRAIN -

Fig. 8 Uniaxial Strain Behavior. Armco Iron. Visco-Damape Model.

20



SRI F' iACTIURE MOD)ELh -VISCO - IAItVCE MOI)FL

L 60-

S 40-

20'

1io 04/sec

0.0 2.0 4.0 6.0 8.0

TENS STRAIN-

Fig. 9Uniaxial Strain Pk,havior . Armco Iron.

21



have been tile comparison model of choice for aluminum, not BFRACT

Neither set of curves shows the sharp drop to zero stress characteristic

of brittle tensile fracture, due to the choice of a relatively iiigh value for

JG (comparable to that of (15 ). Recall from Section A that the lower of

the two threshold values controls the relaxation of stress for large tensile

strain and damage.

The distinction between planar cracks and spherical voids has been

ignored in this trial. However, for aluminum, the models are not
highly sensitive to changes in the value of the fracture parameter .
In Fig. 11 Y has been reduced to one-sixth of its former value,

all other quantitites remaining the same. Peak tensile stress rises
by less than 6%.
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IV CONCLUSION

A. Summary

As recommended in Ref. [1), the rate-independent models - instantaneous

tensile fracture and plastic failure - have been re-examined by way of a

simple pulse propagation problem. Neither has been found to satisfy both the

requirements of stability-uniqueness and of physical realism. A highly

simplifed rate-dependent tensile fracture model, utilizing equations and

material constants from SRI-DFRACT and the Sandia ductile damage accumulation

model, has been proposed for use in ground shock calculations. It is

formulated in fully incremental form and requires only one additional

(volumetric) state variable. Preliminary uniaxial strain tests have

proven encouraging.

B. Recommendations

There is a need to implement and test the Weidlinger visco-damage

model in more realistic two-dimensional problems. While the model is

expressed in terms of average stress and volumetric strain and is thus

generalizable to multi-dimensions, it is important to test the hypothesis

that a single volumetric variable is sufficient to significantly improve

the modeling of brittle tensile failure. That it improves the modeling,

as compared to the rate-independent models, is clear since it is mathemat-

ically well-behaved and yet physically more realistic than plastic tensile

failure (particularly for rocks). Whether the additional computer cost is

justified by the improvement remains to be further documented.

For problems in which crack directionality is judged to be especially

important it may be possible to generalize the model with the introduction

of an additional state variable. It is recommended that such an option be
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developed, to be used when the added computational costs seem justified

by the particular site geometry.
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APPENDIX A

CODE IMPLEMENTATION OF STEP PULSE PROBLEM

Tension Options

The step pulse problem has been run using the wave code WONDY with the

usual solid equation of state routine STATI simplified to model a linear elastic

material and the three tensile failure options outlined in the text:

instantaneous fracture implemented in pure continuum fashion and

with local separation of the mesh,and plastic tensile failure. There are three

tension model options available in WONDY. The first (FCRIT = 1)

suppresses fracture and allows a material to stretch at some energy dependent

maximum tensile stress. This option is used directly to model plastic failure

with the maximum tensile stress, a constant, equal to the spall strength

of the material G . Option 1 can also be used, in modified form, to modelo

instantaneous fracture in a continuum manner. In this case, all stress quantities

in a cell are reset to zero when the stress exceeds the spall strength. The

second WONDY fracture option (FCRIT = 2) allows two zones to separate whenever

the interpolated stress at their common boundary is more tensile than a .0

This is the non-continuum approach to instantaneous fracture. The third WONDY

fracture option (FCRIT = 3) is not tested in the present study. In this option,

the value of a cumulative damage integral

t

K = j (a - ao) dt,

0
not the stress itself, is compared to a maximum permitted value Kmax"

While the criterion for fracture, K > K ax, is time dependent, the implementation

of fracture in terms of cell boundary separation continues to be instantaneous.

Stress is not relaxed gradually but rather instantaneously reset to zero when

fracture is triggered. Hence option 3 can be expected to share the stability-

uniqueness problems of the fully time-independent fracture models being examined.
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Non-dimensionalization and Initialization

Since there are no dimensional constants in WONDY, running in non-dimensional

form is suggested for parametric studies. A (haracteristic length L along

the bar of unit value is chosen as the reference independent variable. The

undisturbed density Po and wave speed c of the material are the two reference

dependent variables selected. All other dependent variables and time are

converted to their appropriate non-dimensional forms.

2+O/PoC
0 0

S /c 2
0

t tc /L
0 0

where C is the energy per unit mass and for concreteness, p has been taken

3as 2.7 gm/cm , c as 5.0 cm/sec, and a as 2GPa.

The mesh is set up with 100 uniform cells of width 0.02. The step

pulse (of width 0.40, compressive stress amplitude s, and density l-s) is

initially at a distance 0.6 from the free end of the bar and traveling toward

it, as illustrated in Fig. Al below.

Free Surf ace
v 0 v s v

00 0 0 C 00

P 1 P1-s

jl31 51 101

Figure Al. Initialization of Step Pulse Problem
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APPENDIX B

DFRACT PRESSURE VOLUME RELATIONS

The equation-of-state routine DFRACT is based on a damage dependent

set of pressure-volume relations. Damage in this model is assumed to

take the form of spherical voids developing under the influence of tensile

pressure (average stress). As detailed in Ref. [4],

V=V +V
s v

PV = P V
ss

Vo FEesP Ko(-R - 1) + V-

S S

dE = -PdV

where V is specific gross volume, V initial specific gross volume, V
0 S

specific solid volume and V specific void volume. The pressure associated

with the gross material is P, that with the solid material is P . The
s

quantities K , F and E have their usual meanings i.e., ambient bulk modulus,

Gruneisen parameter and internal energy.

The time rate of change of specific void volume is assumed to be

caused by void nucleation and void growth

V= V +V G
v n G

where, for spherical voids,PTV

Vn ={ T T4 exp T- P T

'0 P < T 5
V T 1 (P - T 2 )vv P > T 2

4P < T2

(P has been assumed positive in tension.)
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The relationships between the SRI material parameters, T1 to T6$

and the constants used in the Weidlinger visco-damage model are listed

in Appendix C. Note that the Gruneisen parameter can be set to zero in a

given trial to improve the correspondence between the SRI and Weidlinger

models.
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APPENDIX C

VISCO-DAMAGE MATERIAL PARAMETERS FOR ARMCO IRON AND ALUMINUM

Symbol Relation to SRI Units Armco Aluminum
Parameter Iron

c T No/cm 3/sec 4.6x101 2  3xlO 9

o8T T3(spherical voids) cm3  5xlO - 13*) 2.3xi0 - 1 1

1- 3 2  
3

2(- )TT 3 (planar
cracks)

E = Young's modulus

v = Poisson's ratio
0n  T5  dyn/cm 3x10 3x10

a 1  T6  dyn/cm2  4.6x0 9  4x10 8

cG  T1/3 cm2/dyn/sec 2x10 - 4  3.3x10- 3

GG T2 dyn/cm2 2.Ox1O8 4x109

SRI data, Ref. [4], has been used directly for the visco-damage material

parameters except in the case of y (Armco). This parameter has been

modified in an attempt to compensate for the fact that the nucleation
size parameter T3 has been determined for planar cracks, but is being

applied to spherical voids in the Weidlinger model.
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